Abstract. Given a finitely-generated Abelian algebra A of vector fields on a smooth real manifold, we show that, under certain conditions, there exists a Poisson structure on an open neighbourhood of its regular (not necessarily compact) invariant manifold which makes A into a partially integrable Hamiltonian system provided with action-angle coordinates. This Poisson structure is by no means unique. Bi-Hamiltonian partially integrable systems are described in some detail. As an outcome, conditions of a quasi-periodic stability (the KAM theorem) of partially integrable Hamiltonian systems are stated. (2000): 37J35, 37J40, 70H06
Introduction and main results
Given a smooth real manifold Z, let we have k mutually commutative vector fields {ϑ λ } which are independent almost everywhere on Z, i.e., the set of points where the multivector field k ∧ ϑ λ vanishes is nowhere dense. We denote by S ⊂ C ∞ (Z) the R-subring of smooth real functions f on Z whose derivations ϑ λ ⌋df vanish for all ϑ λ . Let A denote the k-dimensional S-Lie algebra generated by the vector fields {ϑ λ }. It is readily observed that A is a maximal commutative subalgebra of vector fields. One can think of one of the elements of A as being a first order dynamic equation on Z and of the other as being its dynamical symmetries. Accordingly, elements of S are regarded as integrals of motion. For the sake of brevity, we agree to call A a dynamical algebra.
An important peculiarity of a finite-dimensional Abelian dynamical algebra is that its regular invariant manifolds are toroidal cylinders R k−m ×T m . At the same time, no preferable Poisson structure is associated to an Abelian Lie algebra A because its Lie-Poisson structure is zero. Therefore, we are free with analyzing different Poisson structures which make A into a Hamiltonian system. However, this analysis essentially differs from that of non-Abelian integrable systems (see [21] for a survey).
Completely and partially integrable Hamiltonian systems on symplectic manifolds exemplify finite-dimensional Abelian dynamical algebras, and so do broadly integrable dynamical systems of Bogoyavlenkij [3, 10] .
Given a symplectic manifold (Z, Ω), we have a partially integrable Hamiltonian system (henceforth PIHS) if there exist 1 ≤ k ≤ dim Z/2 smooth real functions {H λ } in involution which are independent almost everywhere on Z, i.e., the set of points where the k-form k ∧ dH λ vanishes is nowhere dense. The Hamiltonian vector fields ϑ λ of functions H λ mutually commute and are independent almost everywhere. They make up an Abelian dynamical algebra over the Poisson subalgebra S of elements of C ∞ (Z) commuting with all the functions H λ .
One has investigated different symplectic structures around invariant tori of Abelian integrable systems [3, 5, 10, 22] . In fact, the classical Liouville-Arnold theorem [1, 17] and the Nekhoroshev theorem [12, 19] state that, under certain conditions, every symplectic structure making an Abelian dynamical algebra into a Hamiltonian system takes a canonical form around a compact invariant manifold of this system.
Our goal is to study Poisson structures bringing an Abelian dynamical algebra into a PIHS near its regular invariant manifold, which need not be compact.
DEFINITION 1. A k-dimensional Abelian dynamical algebra on a regular Poisson manifold (Z, w) is said to be a PIHS if: (a) A is generated by Hamiltonian vector fields of k almost everywhere independent integrals of motion H λ ∈ C ∞ (Z) in involution; (b) all elements of S ⊂ C ∞ (Z) are mutually in involution.
It follows at once from this definition that the Poisson structure w is of rank 2k and S is a commutative Poisson algebra. If 2k = dim Z, we come to a completely integrable Hamiltonian system on a symplectic manifold.
Given a k-dimensional Abelian dynamical algebra A on a smooth manifold Z, let V be the smooth involutive distribution on Z spanned by the vector fields {ϑ λ }, and let G be the group of local diffeomorphisms of Z generated by the flows of these vector fields (in the terminology of [23] ). Maximal integral manifolds of V are exactly the orbits of G, and are invariant manifolds of A [23] . Let z ∈ Z be a regular point of the distribution V, i.e., k ∧ ϑ λ (z) = 0. Since the group G preserves k ∧ ϑ λ , the maximal integral manifold M of V through z is also regular. Furthermore, there exists an open neighbourhood U of M such that, restricted to U, the distribution V is regular and yields a foliation F of U. Theorem 1 will be proved in Section 2. Condition (i) states that G is a group of diffeomorphisms of U. Condition (ii) is equivalent to the assumption that U → U/G is a fibred manifold [18] . Each fibre M r , r ∈ N, of this fibred manifold admits a free transitive action of the group G r = G/K r , where K r is the isotropy group of an arbitrary point of M r . In accordance with condition (iii), all the groups G r , r ∈ N, are isomorphic to the toroidal cylinder group R k−m × T m for some 0 ≤ m ≤ k. The goal is to define these isomorphisms so that they provide a smooth action of R k−m × T m in U. Note that a free action of the torus group is a standard property of integrable systems with compact invariant manifolds [1, 3, 4, 10, 12, 17] . We follow the proof in [7, 17] generalized to non-compact invariant manifolds. We establish a particular trivialization (1) such that the generators ϑ λ of the algebra A take the specific form (14) . Part (II) of Theorem 1 is based on this trivialization Remark 1. Theorem 1, as like as the Liouville-Arnold and Nekhoroshev theorems, appeals to the implicit function theorem and, therefore, it provides a principal bundle structure only around an invariant manifold. There is a well-known obstruction to its global extension in the case of the torus group T k [8] . A global action of the non-compact group R k−m × T k meets an additional obstruction similar to that in [10] .
The Poisson structure in Theorem 1 is by no means unique. Let U (1) be provided with bundle coordinates (r A ; y λ ), where (r A ) are coordinates on N and (y λ ) = (t a , ϕ i ) are the standard coordinates on the toroidal cylinder R k−m × T m . It is readily observed that, if a Poisson bivector field on the toroidal domain U satisfies Definition 1, it takes the form
Moreover, its coefficients w µν are affine in coordinates y λ because of the relation [w, w] = 0 and, consequently, are constant on tori. Conversely, any Poisson bivector field w (2) fulfills condition (b) in Definition 1, but condition (a) imposes a restriction on the toroidal domain U as follows.
THEOREM 2.
For any Poisson bivector field w (2) of rank 2k on U, there exists a toroidal domain
Theorem 2 will be proved in Section 3. The key point is that the characteristic foliation F of U defined by the Poisson bivector fields w (2) is the pull-back of a k-dimensional foliation F N of the base N, which is defined by the first summand w 1 (2) of w. With respect to the adapted coordinates (J λ , z A ), λ = 1, . . . , k, on the foliated manifold (N, F N ), the Poisson bivector field w reads
Then, condition (a) in Definition 1 is satisfied if N ′ ⊂ N is a domain of a coordinate chart (J λ , z A ) of the foliation F N . In this case, the dynamical algebra A on the toroidal domain
is generated by the Hamiltonian vector fields
Remark 2. Given a dynamic equation ξ ∈ A, it may happen that no Poisson bivector field (2) makes ξ into a Hamilton equation. However, we will show that, if ξ is a nowhere vanishing complete vector field whose trajectories are not located in tori, it becomes a Hamilton equation with respect to an appropriate Poisson structure w (2). This improves the wellknown result of Hojman [16] that, under certain conditions, a first order dynamic equation can be brought into a Hamilton one with respect to a Poisson structure of rank 2. Moreover, any dynamic equation ξ on U gives rise to an equivalent Hamilton equation ξ = ∂ t + ξ of time-dependent mechanics on R 2 × U [11, 13] .
One can improve the expression (3) as follows. 
and the dynamical algebra A is generated by Hamiltonian vector fields of the action coordinate functions H a = I a , H i = I i .
Theorem 3 extends the Liouville-Arnold theorem to the case of a Poisson structure and a non-compact invariant manifold. To prove it, we reformulate the proof of the LiouvilleArnold theorem for non-compact invariant manifolds in [11, 13] in terms of a leafwise symplectic structure (Section 4).
Let w and w ′ be two different Poisson structures (2) which make an Abelian dynamical algebra A into two different PIHSs (w, A) and (w ′ , A) in accordance with Definition 1. Section 5 addresses this theorem. The key point is that Poisson bivector fields (2) distinguished only by the second summand w 2 have the same characteristic distribution and they bring A into a PIHS on the same toroidal domain U (see the proof of Theorem 2). Condition (A) in Definition 2 is easily justified, while Lemma 7 below shows that these Poisson structures admit a recursion operator.
Let us return to an Abelian dynamical algebra given by a PIHS on a symplectic manifold (Z, Ω). In this case, condition (b) in Definition 1 is not satisfied, unless it is a completely integrable system. The following generalization of the Nekhoroshev theorem to non-compact invariant manifolds addresses such a system. 
(III) There exists a Darboux coordinate chart
and provided with coordinates (I λ ; p s ; q s ; y λ ) such that the symplectic form Ω (7) on this chart takes the canonical form
We will prove Theorem 5 in Section 6. Part (I) repeats exactly that of Theorem 1, while the proof of part (II) follows that of Theorem 3. The proof of part (III) is a generalization of that for the case of compact invariant manifolds in Proposition 1 in [9] . As follows from the expression (8), the PIHS in Theorem 5 can be extended to a completely integrable system on some open neighbourhood of M, but Hamiltonian vector field of its additional local integrals of motion fail to be complete.
A glance at the symplectic form Ω (7) shows that there exists a Poisson structure w of rank 2k, e.g., w = ∂ λ ∧∂ λ on U such that, with respect to w, the integrals of motion H λ of the original PIHS remain to be in involution, and they possess the same Hamiltonian vector fields ϑ λ . Therefore, one can think of the triple (Ω, w, {H λ }) as being a particular bi-Hamiltonian system, though it does not satisfy Definition 2. Conversely, if Z is even-dimensional, any Poisson bivector field w (3) is extended to an appropriate symplectic structure Ω (see Proposition 8 below).
There are several reasons in order to make an Abelian dynamical algebra A into a Hamiltonian one. For instance, one can quantize A around its invariant manifold by quantizing the Poisson algebra S [11, 15] . Here, we address the following result. Introducing an appropriate Poisson structure and using the methods in [4] , one can study quasi-periodic stability of dynamical systems with Abelian dynamical symmetries as follows.
Let A be a k-dimensional Abelian dynamical algebra on a smooth manifold Z and M its connected compact invariant manifold. We suppose that M admits an open neighborhood U satisfying Theorem 1. Then, there exists a Poisson structure w on U such that (w, A) is a PIHS. By virtue of Theorem 3, one can always restrict U to a non-empty toroidal domain V × W × T m equipped with the action-angle coordinates (I i ; z A ; φ i ) such that the Poisson bivector field w takes the canonical form w = ∂ i ∧ ∂ i and the dynamical algebra is generated by the Hamiltonian vector fields of the action coordinate functions H i = I i .
THEOREM 6.
Given a torus
real analytic Hamiltonian vector field such that the frequency map
V × W ∋ (I j , z A ) → ξ i (I j , z A ) ∈ R k is of maximal rank at {0}. Then, there exists a neighbourhood N 0 ⊂ V × W of {0} such that,
for any real analytic Hamiltonian vector field
sufficiently near ξ in the real analytic topology, the following holds. Given the Cantor set
This statement is a reformulation of that in [4] (Section 5c), where P = W is a parameter space and σ is the symplectic form on V ×T k such that the Poisson manifold (V ×W ×T k , w) is the Poisson product of the symplectic manifold (V × T k , σ) and W endowed with the zero Poisson structure.
Theorem 6 is an extension of the KAM theorem to PIHSs on a Poisson manifold (Z, w). Given a PIHS (Ω, {H λ }) on a symplectic manifold (Z, Ω), one can employ Theorem 5 and provide Z with a Poisson structure w such that (Ω, w, {H λ }) is a bi-Hamiltonian system where all integrals of motion H λ have the same Hamilton representation with respect both to Ω and w. Then, Theorem 6 can be applied to the PIHS (w, A). In Section 7, we show that its KAM perturbation ξ is also a perturbation of the original PIHS (Ω, {H λ }), though ξ need not be Hamiltonian with respect to the original symplectic structure Ω.
Proof of Theorem 1
Proof of (I). By virtue of the condition (ii), the foliation F of U is a fibred manifold
admitting a section σ such that and Σ = σ(N) [18] . Since the vector fields ϑ λ on U are complete and mutually commutative, the group G of their flows is an additive Lie group of diffeomorphism of U. Its group space is a vector space R k coordinated by parameters (s λ ) of the flows with respect to the basis {e λ = ϑ λ }. Since vector fields ϑ λ are independent everywhere on U, the action of R k in U is locally free, i.e., isotropy groups of points of U are discrete subgroups of the group R k . Its orbits are fibres of the fibred manifold (9) . Given a point r ∈ N, the action of R k in the fibre M r = π −1 (r) factorizes as
through the free transitive action in M r of the factor group G r = R k /K r , where K r is the isotropy group of an arbitrary point of M r . It is the same group for all points of M r because R k is an Abelian group. Since the fibres M r are mutually diffeomorphic, all isotropy groups K r are isomorphic to the group Z m for some fixed 0 ≤ m ≤ k. Accordingly, the groups G r are isomorphic to the additive group R k−m × T m . Let us bring the fibred manifold U → N (9) into a principal bundle with the structure group G 0 , where we denote {0} = π(M). For this purpose, let us determine isomorphisms ρ r : G 0 → G r of the group G 0 to the groups G r , r ∈ N. Then, a desired fibrewise action of G 0 in U is defined by the law
Generators of each isotropy subgroup K r of R k are given by m linearly independent vectors of the group space R k . One can show that there exist ordered collections of generators (v 1 (r), . . . , v m (r)) of the groups K r such that r → v i (r) are smooth R k -valued fields on N. Indeed, given a vector v i (0) and a section σ of the fibred manifold (9), each field v i (r) = (s α (r)) is the unique smooth solution of the equation
on an open neighbourhood, say N again, of {0}. Let us consider the decomposition 
is a unique linear morphism of the vector space R k which transforms the frame v λ (0) = {e a , v i (0)} into the frame v λ (r) = {e a , v i (r)}. Since it is also an automorphism of the group R k sending K 0 onto K r , we obtain a desired isomorphism ρ r of the group G 0 to the group G r . Let an element g of the group G 0 be the coset of an element g(s λ ) of the group R k . Then, it acts in M r by the rule (11) just as the element g((A
Then, we provide U with the trivialization (1) with respect to the coordinates (r A ; t a , ϕ i ), where (r A ), A = 1, . . . , dim Z −k, are coordinates on the base N. The vector fields ϑ λ on U relative to these coordinates read
Accordingly, the subring S restricted to U is the pull-back π * C ∞ (N) onto U of the ring of smooth functions on N.
Proof of (II). Let us split the coordinates (r A ) into some k coordinates (I λ ) and (dim Z − 2k) coordinates (z A ). Then, we can provide the toroidal domain U (1) with the Poisson bivector field
of rank 2k. The independent complete vector fields ∂ a and ∂ i are Hamiltonian vector fields of the functions H a = I a and H i = I i on U which are in involution with respect to the Poisson bracket {f,
defined by the bivector field (15) . By virtue of the expression (14) , the Hamiltonian vector fields {∂ λ } generate the S-algebra A. 2
Proof of Theorem 2
Proof. The characteristic distribution of the Poisson bivector field w (2) is spanned by the Hamiltonian vector fields
and the vector fields
Since w is of rank 2k, the vector fields ∂ µ can be expressed into the vector fields v A (17). Hence, the characteristic distribution of w is spanned by the Hamiltonian vector fields v A (17) and the vector fields
The vector fields (18) are projected onto N. Moreover, one can derive from the relation [w, w] = 0 that they generate a Lie algebra and, consequently, span an involutive distribution V N of rank k. Note that this algebra is not commutative, unless the coefficients w µν of w (2) are independent of coordinates y λ . Let F N denote the corresponding foliation of N. We consider the pull-back F = π * F N of this foliation onto U by the trivial fibration π [18] . Its leaves are the inverse images π −1 (F N ) of leaves F N of the foliation F N , and so is its 
such that (J λ ; z A ) are adapted coordinates on the foliated manifold (N, F N ), i.e., transition functions of coordinates z A are independent of J λ , while transition functions of coordinates (y λ ) = (t a , ϕ λ ) on the toroidal cylinder R k−m × T m are independent of coordinates J λ and z A . With respect to these coordinates, the Poisson bivector field (2) takes the form (3) . Let N ′ be the domain of a coordinate chart (19) . Then, the dynamical algebra A on the toroidal domain U ′ = π −1 (N ′ ) is generated by the Hamiltonian vector fields ϑ λ (4) of functions
Turn now to the claims in Remark 2. Let ξ be a nowhere vanishing complete vector field on the toroidal domain U (1) whose trajectories are not located in tori. Then, there exists a Poisson structure on U such that ξ is a Hamilton vector field. Indeed, one can choose ξ as one of the generators, e.g., ξ = ϑ 1 in Theorem 1 so that U can be provided with a trivialization such that ξ = ϑ 1 = ∂ 1 in the expression (14) . Then, the Poisson structure (15) is that we want.
Given an arbitrary complete vector field A ∋ ξ = ξ a (r)∂ a +ξ i (r)∂ i on the toroidal domain U (1), let us introduce the product U = R 2 × U, where R 2 is endowed with the Cartesian coordinates (t, p), treated as the time and energy. For the sake of convenience, let us denote R 2 = R × P . Due to trivial bundles
we have the lifts onto U both of the dynamical algebra A on U and the vector field ∂ t on R. Let A be a maximal commutative algebra of vector fields on U generated by ∂ t and A. It is a (k + 1)-dimensional Lie algebra over the ring S of smooth functions on P × N. We agree to treat a nowhere vanishing complete vector field ξ = ∂ t + ξ on U as a dynamic equation. Then, A is an Abelian dynamical algebra on U . The vector field ξ yields the dynamic equation equivalent to that of ξ together with the additional equationṗ = 0, which however is immaterial because the energy of a conservative system is defined up to a constant. It is readily observed that the toroidal domain
coordinated by (p, r A ; t, y λ ) fulfils part (I) of Theorem 1 for the dynamical algebra A. Let us provide U with the Poisson structure
It satisfies Theorem 1, and ξ = −w⌊dp.
Proof of Theorem 3
Proof. First, let us employ Theorem 2 and restrict U to the toroidal domain, say U again, equipped with coordinates (J λ ; z A ; y λ ) such that the Poisson bivector field w takes the form (3) and the algebra A is generated by the Hamiltonian vector fields ϑ λ (4) of k independent functions H λ = J λ in involution. Let us choose these vector fields as new generators of the group G and return to Theorem 1. In accordance with this theorem, there exists a toroidal domain U ′ ⊂ U provided with another trivialization U ′ → N ′ ⊂ N in toroidal cylinders R k−m × T m and endowed with bundle coordinates (J λ ; z A ; y ′λ ) such that the vector fields ϑ λ (4) take the form (14) . For the sake of simplicity, let U ′ , N ′ and y ′ be denoted U, N and y = (t a , ϕ i ) again. Herewith, the Poisson bivector field w is given by the expression (3) with new coefficients.
Let w ♯ : T * U → T U be the corresponding bundle homomorphism, and let T F * → U denote the dual of the characteristic distribution T F → U. We have the exact sequences
The bundle homomorphism w ♯ factorizes in a unique fashion
Then, the inverse isomorphisms w ♭ F : T F → T F * provides the foliated manifold (U, F ) with the leafwise symplectic form
where {dJ µ , dy µ } is the dual of the basis {∂ µ , ∂ µ } for the characteristic distribution T F . Recall that leafwise (or tangential) exterior forms are defined as sections of the exterior bundle ∧T F * → U, while the leafwise exterior differential d acts on them by the law
(see, e.g., [24] ). The leafwise symplectic form Ω F is non-degenerate and d-closed, i.e., dΩ F = 0. Let us show that it is d-exact. Let F be a leaf of the foliation F of U. There is a homomorphism of the de Rham cohomology H * (U) of U to the de Rham cohomology of H * (F ) of F . One can show that this homomorphism factorizes through the leafwise cohomology [14] . Since N is a domain of an adapted coordinate chart of the foliation F N , the foliation F N of N is a trivial fibre bundle N = V × W → W . Since F is the pull-back onto U of the foliation F N of N, it is also a trivial fibre bundle
Then, the closed leafwise two-form Ω F (22) is exact due to the absence of the term Ω µν dy µ ∧ dy ν . Moreover, Ω F = dΞ where Ξ reads
The Hamiltonian vector fields ϑ λ = ϑ µ λ ∂ µ (14) obey the relation
which falls into the following conditions
The first of the relations (23) shows that Ω α β is a non-degenerate matrix independent of coordinates y λ . Then, the condition (27) implies that ∂ i Ξ λ are independent of ϕ i , and so are Ξ λ since ϕ i are cyclic coordinates. Hence,
Let us introduce new coordinates I a = J a , I i = Ξ i (J λ ). By virtue of the equalities (28) and (29), the Jacobian of this coordinate transformation is regular. The relation (30) shows that ∂ i are Hamiltonian vector fields of the functions H i = I i . Consequently, we can choose vector fields ∂ λ as generators of the algebra A. One obtains from the equality (28) that Ξ a = −t a + E a (J λ , z A ) and Ξ i are independent of t a . Then, the leafwise Liouville form Ξ reads
The coordinate shifts
bring the leafwise form Ω F (22) into the canonical form
which ensures the canonical form (5) of the Poisson bivector field w. 2
Proof of Theorem 4
It is easily justified that Poisson bivector fields w (2) fulfil condition (A) in Definition 2 iff they are distinguished only by the second summand w 2 . Furthermore, as follows from the proof of Theorem 2, the characteristic distribution of a Poisson bivector field w (2) is spanned by the vector fields (17) and (18) . A glance at these expressions shows that all Poisson bivector fields w (2) distinguished only by the second summand w 2 have the same characteristic distribution. Then, condition (B) follows from forthcoming Lemma 7. Given a smooth real manifold X, let w and w ′ be Poisson bivector fields of rank 2k on X, and let
be the corresponding bundle homomorphisms. A tangent-valued one-form R on X yields bundle endomorphisms
It is called a recursion operator if
Given a Poisson bivector field w and a tangent valued one-form R such that R • w ♯ = w ♯ • R * , the well-known sufficient condition for R • w ♯ to be a Poisson bivector field is that the Nijenhuis torsion of R and the Magri-Morosi concomitant of R and w vanish [6, 20] . However, as we will see, recursion operators between Poisson bivector fields in Theorem 4 need not satisfy these conditions.
LEMMA 7. A recursion operator between Poisson structures of the same rank exists iff their characteristic distributions coincide.
Proof. It follows from the equalities (33) that a recursion operator R sends the characteristic distribution of w to that of w ′ , and these distributions coincide if w and w ′ are of the same rank. Conversely, let regular Poisson structures w and w ′ possess the same characteristic distribution T F → T X tangent to a foliation F of X. Let T F * → X be the dual of T F → X, and let
be the corresponding exact sequences. The bundle homomorphisms w ♯ and w ′♯ (31) factorize in a unique fashion
Let us consider the inverse isomorphisms
and the compositions
There is the obvious relation
In order to obtain a recursion operator (33), it suffices to extend the morphisms R F and R * F (37) onto T X and T * X, respectively. For this purpose, let us consider a splitting
of the exact sequence (34) and the dual splitting
of the exact sequence (35). Then, the desired extensions are
This recursion operator is invertible, i.e., the morphisms (32) are bundle isomorphisms, but it is by no means unique. 2
For instance, the Poisson bivector field w (2) and the Poisson bivector field
admit a recursion operator w ♯ 0 = R • w ♯ whose entries are given by the equalities
Its Nijenhuis torsion fails to vanish, unless coefficients w µλ are independent of coordinates y λ .
Proof of Theorem 5
Proof of (I) . See the proof of part (I) of Theorem 1.
Proof of (II).
One can specify the coordinates on the base N of the trivial bundle U → N as follows. Let us consider the morphism
of U onto a domain V ⊂ R k . It is of constant rank and, consequently, is a fibred manifold. The fibration π ′ factorizes as
through the fibre bundle π. The map π ′′ = π ′ • σ is also a fibred manifold. One can always restrict the domain N to a chart of the fibred manifold π ′′ . Then, N → π ′′ (N) = V is a trivial bundle, and so is U → V . Thus, we have the composite fibration
Let us provide its base V with the coordinates (J λ ) such that J λ (u) = H λ (u), u ∈ U. Then N can be equipped with the bundle coordinates (J λ ; z A ), A = 1, . . . , 2(n−k), and (J λ ; z A ; t a , ϕ i ) are coordinates on U (41). Since fibres of U → N are isotropic, the symplectic form Ω on U relative to the coordinates (J λ ; z A ; y λ ) reads
The Hamiltonian vector fields ϑ λ = ϑ 
The first of them shows that Ω α β is a non-degenerate matrix independent of coordinates y λ . Then, the second one implies Ω Aβ = 0.
By virtue of the well-known Künneth formula for the de Rham cohomology of manifold products, the closed form Ω (42) is exact, i.e., Ω = dΞ where the Liouville form Ξ is
Since Ξ a = 0 and Ξ i are independent of ϕ i , it follows from the relations
that Ξ A are independent of coordinates t a and are at most affine in ϕ i . Since ϕ i are cyclic coordinates, Ξ A are independent of ϕ i . Hence, Ξ i are independent of coordinates z A , and the Liouville form reads
Because entries Ω α β of dΞ = Ω are independent of y λ , we obtain the following.
Consequently, ∂ i Ξ λ are independent of ϕ i , and so are Ξ λ since ϕ i are cyclic coordinates. Hence, Ω λ i = ∂ λ Ξ i and ∂ i ⌋Ω = −dΞ i . A glance at the last equality shows that ∂ i are Hamiltonian vector fields. It follows that, from the beginning, one can separate m integrals of motion, say H i again, whose Hamiltonian vector fields are tangent to invariant tori. In this case, the matrix B in the expressions (13) and (14) vanishes, and the Hamiltonian vector fields ϑ λ (14) read
Moreover, the coordinates t a are exactly the flow parameters s a . Substituting the expressions (45) into the first condition (43), we obtain
It follows that Ξ i are independent of J a , and so are
In view of items (i) -(ii), the Liouville form Ξ (44) reads
Since the matrix ∂ k Ξ i is nondegenerate, we can perform the coordinate transformation I a = J a , I i = Ξ i (J j ) together with the coordinate shifts
These transformations bring Ω into the form (7).
Proof of (III).
The proof is a straightforward generalization of that for the case of compact invariant manifolds in [9] . Since functions I λ are in involution and their Hamiltonian vector fields ∂ λ mutually commute, a point z ∈ M has an open neigbourhood
, endowed with the Darboux coordinates (I λ ; p s , q s ; y λ ) such that the symplectic form Ω (7) is given by the expression (8) . Here, y λ (I λ , z A , y α ) are local functions whose Hamiltonian vector fields are ∂ λ . They take the form
With the group G, one can extend these functions to the open neighbourhood
Substituting the functions (46) on U into the expression (7), one brings the symplectic form Ω into the canonical form (8) 
over domains W ⊂ R 2(n−k) and V ⊂ R k . It is provided with the partial action-angle coordinates (I i ; z A ; φ i ), i = 1, . . . , k, λ = 1, . . . , 2(n − k), such that the symplectic form Ω on U reads
and integrals of motion H i depend only on the action coordinates I j . Let H(I i ) be a Hamiltonian of the given PIHS on U (47). Its Hamiltonian vector field with respect to the symplectic form Ω (48) is
and it defines the Hamilton equatioṅ
In comparison with the vector field ξ in Theorem 6, the Hamiltonian vector field ϑ H (49) is independent of coordinates z A . Therefor, its KAM perturbations can be described in a simpler way.
Let us consider a perturbed Hamiltonian
on U (47) which is also independent of coordinates z A . Its Hamiltonian vector field with respect to the symplectic form Ω (48) reads
where the coefficients C ik and B λk are expressed into the components Ω AB and Ω i A of the symplectic form (48). It is not the vector field ξ in Theorem 6. Therefore, we will replace the symplectic structure (48) on U with an appropriate Poisson one.
Let us provide U (47) with the degenerate Poisson bivector field
of constant rank 2k. The corresponding Poisson bracket reads
on V × T k has an integral curve I i = Φ i (t), φ i = Φ i (t) located in a torus. By the formula (58), the Hamiltonian vector field (60) gives rise to the vector field
on U. It defines the first order dynamic equatioṅ
on U. The vector field (61) has integral curves
located in tori. These curves provide particular solutions of the dynamic equation (62). As follows from the expression (61), this equation is a Hamilton equation of the Hamiltonian π ′ * H ′ with respect to the Poisson structure w (53) on U, but need not be so relative to the original symplectic form (48). In accordance with Theorem 6, one can think of (62) as being a KAM perturbation of the Hamilton equation (50).
